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a b s t r a c t

Fully developed forced convection in a rectangular microchannel filled with or without a porous medium
is investigated analytically based on the Fourier series approach. The Brinkman flow model is applied
with the slip velocity being accounted for. Invoking the temperature jump equation, the H2 thermal
boundary condition is investigated. Expressions are presented for the local and average velocity and tem-
perature profiles, the friction factor, the slip coefficient, and the Nusselt number in terms of the key
parameters.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Microscale heat transfer has attracted researchers not only for a
need to dissipate high heat transfer rates per unit area but also for
playing a key rule in the biological systems [1]. Modeling convec-
tion through such small devices, with their size being in the order
of 100 lm, is different from the macroscale counterparts in being
associated with the inclusion of velocity slip, temperature jump,
and other newly developed issues [2]. For example, a gaseous flow,
say that of air, at such small passage does not obey the classical
continuum physics where the no-slip condition is valid. Conse-
quently, such a flow is associated with a nonzero fluid velocity at
the solid walls and there exists a difference between the gas tem-
perature and that of the wall. According to Tunc and Bayazitoglu
[3], who studied microchannel heat transfer under slip flow and
H2 boundary condition, this can happen when 0.001 < Kn < 0.1
while the flow is called slip flow.

Analysis of heat and fluid flow in various-shaped microchannels
has been studied extensively in the past decades [4–10], to name a
few. However, theoretical research on slip flow in porous-saturated
microducts of arbitrary cross-section has not been conducted to the
same extent. Analytical solutions are very useful in benchmarking
numerical simulations. They also offer unique abilities when it
comes to parametric studies with a large number of parameters in-
volved and wherever numerical results cannot be experimentally
verified. Thus, the question naturally arises as to whether analytical
solutions for porous-saturated microchannels of cross-section other
than circular tube or parallel plates are possible.
ll rights reserved.
The complexity of the problem becomes clearer when one notes
that only a handful of papers, see for example [11–18], can be men-
tioned when it comes to name analytical studies on macro-porous
ducts of cross-sections other than circular tube or parallel plate
channel (PPC), say rectangular shape, even when the saturating
fluid is not a rarefied gas. Fresh numerical results of Haddad
et al. [19] pertaining to convection in microporous PPC showed
that the skin friction increases by increasing Da, decreasing Kn,
and the Forchheimer number. Moreover, they reported that heat
transfer increase as the modified Reynolds number and Da increase
while it decreases as the Knudsen/Forchheimer number increases.
Haddad et al. [20] also analyzed the effect of frequency of fluctua-
tion of the driving force on basic slip flows in the presence of a por-
ous medium for transient Couette flow, the pulsating Poiseuille
flow, the Stokes second problem, and the transient natural convec-
tion flow. They concluded that the increase in frequency or Kn
would lead to an increase in the normalized slip for all of the four
problems mentioned above. On the other hand, the normalized slip
was found to increase as Da plunges, except for Poiseuille flow
where the normalized slip increased with Da. The temperature
jump is reported to be negligible when the frequency and Kn are
small. Local thermal non-equilibrium effects on slip flow forced
convection in a microporous PPC were studied recently by Haddad
et al. [21]. Recently, [22,23] dealt with slip flow in microtubes or
micro-PPC saturated by a hyperporous medium.

Applying the Fourier series approach, this paper aims at finding
the velocity and temperature distribution in a microporous duct of
rectangular cross-section under slip flow and H2 boundary condi-
tion which assumes a prescribed local wall heat flux (it emerges
when the uniformly heated walls of a passage are thin with rela-
tively low thermal conductivities). The results are found to be in
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Fig. 1. A schematic of coordinates and dimensions of a microchannel cross-section.

Nomenclature

a*, b* microchannel dimensions (m)
A cross-sectional area (m2)
b aspect (width to height) ratio
C microduct inside periphery (m)
cP specific heat at constant pressure (J/kg K)
D coefficient
Da Darcy number
DH hydraulic diameter (m)
Dn coefficient
f friction factor
F tangential momentum accommodation coefficient
Ft thermal accommodation coefficient
k effective thermal conductivity (W/m2 K)
K permeability (m2)
Kn Knudsen number
M viscosity ratio
n* (coordinate) normal to the wall (m)
Nu Nusselt number
P* pressure (Pa)
Pr Prandtl number
q00 wall heat flux (W/m2)
Re Reynolds number
s porous media shape parameter
T* local absolute temperature (K)
u* x-velocity (m/s)
û normalized velocity
U* average velocity (m/s)
v dimensionless velocity

W coefficient
x* longitudinal coordinate (m)
y*, z* lateral coordinates (m)
y, z (y*, z*)/a*

Greek symbols
b slip coefficient
d Kronecker delta
C tangential coordinate at the microduct wall inside

periphery (m)
c specific heat ratio
k molecular mean free path (m)
h dimensionless temperature
l fluid viscosity (N s/m2)
leff effective viscosity (N s/m2)
q fluid density (kg/m3)
x coefficient

Superscripts
+ of no-slip solution
* dimensional

Subscripts
m mean
s slip
w wall
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complete agreement with those available in the literature of slip or
no-slip flow in rectangular ducts filled with or without a porous
insert.

2. Analysis

Fully developed forced convection in a microporous duct of
rectangular cross-section is considered as shown by Fig. 1. The slip
velocity can be found as

u�s ¼
F � 2

F
KnDH

ou�

on�

����
wall

ð1Þ

where u�s is the slip velocity, F is the tangential momentum accom-
modation coefficient, n* denotes the coordinate which is normal to
the wall, Kn is the Knudsen number (Kn = k/DH), DH is the hydraulic
diameter, and k is the molecular mean free path. On the other hand,
the fluid temperature at the wall, T�s , can be different from that of
the wall, T�w, and this temperature jump can be found as

T�s � T�w ¼
Ft � 2

Ft
DH

Kn
Pr

2c
1þ c

oT�

on�

����
wall

ð2Þ

Though the local values of the slip velocity and the temperature
jump change along the duct periphery, one can take an average over
the duct periphery so that these averaged values (denoted by an
over-bar) would be independent of the coordinate systems, e.g.
with C being the tangential coordinate at a point on the microchan-
nel wall inside periphery C, the average values (of slip velocity and
temperature jump) are

�u�s ¼
Z

C
u�s dC=C

T�s � T�w ¼
Ft � 2

Ft

Kn
Pr

2c
1þ c

q00DH

k

ð3a;bÞ
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Moreover, similar to Tunc and Bayazitoglu [3], the slip coefficient, b,
is obtainable as

b ¼ �u�s=U� ð4Þ
where U* = hu*i is the average velocity with the angle brackets
denoting an average taken over the microduct cross-section.

2.1. Hydrodynamic aspects of the problem

The (following) Brinkman momentum equation

leffr2u� � lu�

K
� op�

ox�
¼ 0: ð5Þ

should be solved subject to u� ¼ �u�s at the walls. Note that the above
equation reduces to the fully developed Navier–Stokes equation
when K ?1 and leff = l.

The velocity scales with �a*2op*/ox*/l so that defining the fol-
lowing dimensionless velocity,

v ¼ �lðu� � �u�s Þ=ða�2op�=ox�Þ ð6Þ

the momentum equation reads

r2v� s2vþ 1
M
� s2�us ¼ 0: ð7Þ

that should be solved subject to v = 0 at the walls with M (M = leff/
l) and s (s = (MDa)�1/2) being the viscosity ratio and the porous
medium shape parameter, respectively. Note that the Darcy number
is related to the permeability as Da ¼ K=a�2.

The Fourier series approach assumes the following form for the
velocity distribution

v ¼
X1
n¼1

X1
m¼1

amn cosðbnyÞ cosðcmzÞ; ð8Þ

that satisfies the appropriate boundary conditions provided that
bn = (n�1/2)p and cm = (m-1/2)p/b. the substitution of the above
velocity distribution in the momentum equation leads to

X1
n¼1

X1
m¼1

b2
n þ c2

m þ s2� �
amn cosðbnyÞ cosðcmzÞ ¼ 1

M
� s2�us ð9Þ

Multiplying both sides of the above equation by cos(bny)cos(cmz)
and integrating over the duct cross-section, one finds

amn ¼
4
b

ð�1Þmþn

b2
n þ c2

m þ s2
� �

bncm

1
M
� s2�us

� �
ð10Þ

The average dimensionless slip velocity, �us, can be found, based
on Eqs. (1) and (3a), as follows

�us ¼
D

M þMs2D
ð11Þ

with

D ¼ 2� F
F

4DH

bð1þ bÞKn
X1
i¼1

X1
j¼1

1

ðbicjÞ
2

b2
i þ c2

j

b2
i þ c2

j þ s2

 !
ð12Þ

The coefficients amn can be rearranged as

amn ¼
4

Mb
ð�1Þmþn

b2
n þ c2

m þ s2
� �

bncm

1
1þ s2D

ð13Þ

In particular, from Eqs. (10)–(13), one finds the dimensional
velocity distribution as

u� ¼ � op�

ox�
a�2

leff

1
1þ s2D

X1
n¼1

X1
m¼1

4
b

ð�1Þmþn

b2
n þ c2

m þ s2
� �

bncm

 

� cosðbnyÞ cosðcmzÞ þ D

!
ð14Þ
One also obtains the average velocity as

U� ¼ � op�

ox�
a�2

leff

DþW
1þ s2D

ð15aÞ

wherein

W ¼
X1
n¼1

X1
m¼1

1
b2

n þ c2
m þ s2

� � 2
bbncm

� �2

ð15bÞ

It is now possible to find the normalized velocity as follows

û ¼

P1
n¼1

P1
m¼1

4
b

ð�1Þmþn

b2
nþc2

mþs2ð Þbncm
cosðbnyÞ cosðcmzÞ þ D

DþW
ð16Þ

It is also instructive to note that the dimensionless pressure
drop, represented by fRe, reads

fRe ¼ DH

2H

� �2 2
U
¼ 8

b
1þ b

� �2 1þ s2D
DþW

ð17Þ

Note that the hydraulic diameter, DH = 4a* � b/(1 + b), is chosen as
the characteristic length in the Reynolds number, Re, and f is the
pressure gradient normalized by 2qU�

2
=DH.

It is an easy task to show that the slip coefficient, b, takes the
following form

b ¼ D
DþW

ð18Þ

One can rearrange Eq. (17) to obtain fRe in terms of b as

fRe ¼ 1� bð ÞfReþ þ 2b
2sb

1þ b

� �2

ð19Þ

where fRe+ can be obtained from no-slip solutions available in the
literature.

2.2. Thermal aspects of the problem

Assuming local thermal equilibrium, homogeneity, and no ther-
mal dispersion the thermal energy equation reads

u�
oT�

ox�
¼ k

qcP

o2T�

oy�2
þ o2T�

oz�2

 !
: ð20Þ

Here T* is the temperature, q the fluid density, cP the fluid specific
heat at constant pressure, and k is the effective thermal conductiv-
ity of the medium. The Nusselt number is defined as

Nu ¼ q00DH

kðT�w � T�mÞ
: ð21Þ

with the bulk temperature T�m ¼ ûT�h i.
Following the application of the First Law of Thermodynamics

to a thin slice of the microporous duct, the longitudinal tempera-
ture gradient, in terms of the wall heat flux, reads

oT�

ox�
¼ q00

qcPa�U�
1þ b

b
ð22Þ

This, in turn, simplifies the thermal energy equation to

û
q00

a�
1þ b

b
¼ k

o2T�

oy�2
þ o2T�

oz�2

 !
: ð23Þ

Following the definition h = kT*/(q00a*), the dimensionless form
of thermal energy equation will be

û
1þ b

b
¼ o2h

oy2 þ
o2h
oz2 : ð24Þ

that should be solved subject to the following boundary conditions
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oh
oy

����
y¼1
¼ oh

oz

����
z¼b�
¼ 1

oh
oy

����
y¼0
¼ oh

oz

����
z¼0
¼ 0

ð25a—dÞ

Following the same steps as Haji-Sheikh [16], one has

h ¼ x00 þ
W
P1

n¼0

P1
m¼0Fmnxmn cosðnpyÞ cosðmpz=bÞ

DþW

þ 1
2

y2 þ z2

b

� �
ð26Þ

wherein
Kn
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Fig. 2. Slip coefficient and fRe versus Kn compared with previous results in the
literature for s = 0 and b = 1.
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xmn ¼
bð1þ s2DÞ

p2W

X1
i¼1

X1
j¼1

aijð�1Þiþjði� 1=2Þðj� 1=2Þ
n2 � ði� 1=2Þ2
� �

m2 � ðj� 1=2Þ2
� �

Fmn ¼
ð2� d0;nÞð2� d0;mÞð1� d0;mþnÞð1þ b�1Þ

bp2 n2 þ m=bð Þ2
� �

ð27a;bÞ

The presence of the Kronecker delta, d, indicates that the con-
stant term x00 drops following differentiating when m = 0 and
n = 0; see also Haji-Sheikh [16].

Recalling Eq. (26), the average bulk and slip temperature read
Finally, the Nusselt number is obtainable as
Kn
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Fig. 4. fRe versus Kn for different values of s and b.
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Fig. 5. The Nusselt number versus Kn for different values of s and b.
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hm ¼ x00 þ ð1þ bÞ b
6
þ

2Mð1þs2DÞ
p4

P1
i¼1

P1
j¼1ð�1Þiþj aijðp2ð1�4jþ4j2Þ�8Þ

ð2i�1Þ3ð2j�1Þ3
ð2j� 1Þ2 þ ð2i� 1Þ2
h i

þW
P1

n¼0

P1
m¼0Fmnx2

mn

W þ D

�hs ¼ x00 þ
1þ b2 þ 6b

6ð1þ bÞ þ
P1

n¼0

P1
m¼0Fmnxmn d0mð�1Þn þ d0nð�1Þm

� �
W þ D

ð28a;bÞ
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Nu ¼ DH

a�ð�hs � hm þ �hw � �hsÞ
ð29Þ

The following dimensionless version of Eq. (3b)
�hs � �hw ¼
Ft � 2

Ft

Kn
Pr

2c
1þ c

DH

a�
ð30Þ

will lead to
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Nu ¼ 1
a�
DH
ð�hs � hmÞ þ 2�Ft

Ft

Kn
Pr

2c
1þc

ð31Þ

Note that the above expression reduces to Eq. (26) of Haji-
Sheikh [16] when Kn = 0. Consequently, the results for Nu are in
complete agreement with those of [16].
3. Results and discussion

Throughout this section we assumed F = Ft = M = 1 and c = 1.4
though the closed form solutions are general enough to account
for other combinations. As a sample of the results, Fig. 2 compares
our fRe and b with those of [3,4] for microducts without a porous
insert, i.e. when s = 0 and b = 1. The results are in complete agree-
ment, as expected.

Fig. 3 illustrates b versus Kn for different aspect ratios with s = 1
and s = 100. As seen, in line with a previous report [24], b increases
with Kn, b, and s. Observe that for s = 100, regardless of the aspect
ratio, b asymptotically approaches its maximum value, being b = 1,
as Kn increases. The increase in the slip coefficient versus Kn is ex-
pected as higher Kn values indicate higher degrees of rarefaction
and, hence, deviation from continuum theory is expected as re-
flected in an increase in b. Moreover, as slip coefficient is a direct
measure of slip velocity, which is linearly proportional to the
velocity gradient at the wall, one expects that higher values of s
(for which the velocity distribution is more flattened) lead to an in-
crease in b. One can verify Eq. (16), or check the results of Hooman
and Merrikh [13], for a slip and no-slip problem; respectively, to
see that the velocity gradient (at the wall) increases with s.

Fig. 4 shows fRe versus Kn for s = 1, 10, and 100 again with dif-
ferent b values. Increasing s, with a fixed microduct size, means a
decrease in the permeability of the porous medium so that higher
values of fRe, which is linearly proportional to the pressure drop,
are expected [25]. Nonetheless, with lower permeability the veloc-
ity distribution tends to be more uniform and this, in turn, leads to
an increase in Nu as noted for porous marcoducts, see for example
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Hooman and Ranjbar-Kani [26]. Moreover, as noted by Hooman
[27], with high values of s, say s > 100, fRe remains almost indepen-
dent of Kn since for such high s values the Darcy viscous drag is
predominant and fRe is almost independent of the boundary fric-
tion (Brinkman) term, see also Kaviany [28]. Note that not only
O(Darcy viscous drag/Brinkman shear stress term) = O(s2) for very
high values of s but also fRe is independent of rarefaction effects,
which affects the problem via the Brinkman shear stress term
[27]. With higher b values, the duct cross-section is more stretched
and the iso-lines for velocity are more concentrated near the walls.
This means that overall velocity gradient puts on higher values as b
increases. Thus fRe increases with b. This has already been ob-
served for slip coefficient (which is, like fRe, linearly proportional
to the velocity gradient at the walls).

According to Fig. 5, Nu values for s = 1 and s = 0, representing,
respectively hyperporous and clear fluid case, are very close to
each other while Nu for s = 100 puts on a value which is nearly
twice that of clear fluid case for low Kn values (the Nu reduces to
roughly 1.3 that of clear fluid with Kn = 0.1). This gives more credit
to the application of the microporous heat exchangers albeit at the
cost of higher pressure drop, as can be deduced from Fig. 4.

In the preceding discussion the Pr value was fixed at 0.7 so
there is a need to see its effect on the Nusselt number. Fig. 6
shows Nu versus Kn for different Pr and b values with s = 1 and
100. One can again verify that Nu increases with both s and b.
According to Fig. 6a, for each aspect ratio, Nu increases with Pr
and this effect becomes more pronounced as Kn increases. Never-
theless, according to Fig. 6b, for s = 100 the converse is true in
such a way that Pr effect on Nu is more significant when Kn is
small enough. Mainly for this reason, Fig. 6c is presented to show
Nu for small Kn values, being Kn < 0.02. For this value of s, Nu
seems to be less sensitive to a change in the cross-section shape
than in Pr. As a common trend in the chart on Fig. 6, one can con-
clude that, for nonzero values of Kn, Nu increases with Pr regard-
less of s or b. It should, however, be reminded that, for fully
developed forced convection in macro-porous ducts, Nu is inde-
pendent of Pr when Kn = 0.
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b=1
b=2
b=4
b=8

Pr=0.8

Pr=0.7

Pr=0.6

tinued)



5810 K. Hooman / International Journal of Heat and Mass Transfer 51 (2008) 5804–5810
4. Conclusion

Applying the Brinkman flow model and H2 thermal boundary
condition, closed form solutions for fully developed velocity and
temperature distribution in a microchannel of rectangular cross-
section, filled with or without a porous medium, is presented
with the effects of velocity slip and temperature jump being con-
sidered. Convection heat transfer and pressure drop performance
of the system, reflected in Nu and fRe, respectively, on top of the
velocity slip effects represented in the slip coefficient, were ana-
lyzed. Effects of the Knudsen number, Prandtl number, the por-
ous media shape parameter, and the duct geometry on the
system performance is studied. It was observed that for s > 100,
regardless of the aspect ratio, b asymptotically approaches
b = 1, as Kn increases while fRe remains almost independent of
Kn. Increasing s, b, and Pr, the Nusselt number increases. The
present closed form solutions can be used for benchmark checks
on numerical findings for flow in micro-/macro-channels of rect-
angular cross-section filled with or without a porous matrix. This
is a relatively important topic as reflected by the amount of
numerical work addressing similar issues; see for example [28–
38].
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